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Introduction

T HERMALIZATION and relaxation are two distinct be-
haviors in microscale heat transport that become active as

the transient time becomes comparable with the thermalization
time and/or relaxation time. For continuous media such as pure
metals, thermal ization and relaxation behaviors could occur in
picoseconds.1'5 For random media with percolating networks,
on the other hand, the thermalization and relaxation times
could be as long as milliseconds.6'7 Microstructures dominate
the process of heat transport in microscale, as expected. Phys-
ically, the thermalization time measures the finite duration in
which a second-phase constituent comes to thermal equilib-
rium with the primary phase. The relaxation time, on the other
hand, measures the finite duration in which a sufficient number
of collisions among energy carriers take place, leading to an
effective heat transport in an engineering sense. The classical
model of Fourier diffusion assumes an immediate thermody-
namic equilibrium, i.e., a zero thermalization time, and an in-
finite frequency of collisions among the energy carriers (a zero
relaxation time). Resulting from these assumptions, Fourier's
law has been found insufficient when used to explain several
experimental phenomena in microscale heat transport.7

The present work extends the dual-phase lag model,3"5'7
which describes the interweaving behavior of thermalization
and relaxation during the short-time transient, to evaluate the
depth of thermal penetration. Through the heat-balance integral
approach, the emphasis is placed on the effects of thermal
lagging on the time evolution of the thermal penetration depth.
Of particular concern is the singular relation between the initial
values of the penetration depth and the penetration speed,
which does not exist in Fourier diffusion developed at long
times.

Depth of Thermal Penetration
The dual-phase lag model captures the microstructural in-

teraction effects in terms of the resulting delayed response in
time. In the absence of volumetric heating, the one-dimen-
sional energy equation employing the linearized phase-lag con-
cept is given by3"5'7

dx2
cfT
dx2

]_dT
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The two phase lags, TT and rq, respectively, measure the finite
times required for the thermalization and relaxation processes
to complete. To characterize the fundamental behavior in the
simplest possible manner, we consider a semi-infinite solid
maintained at an initial temperature Tt. A constant temperature
TO is suddenly imposed at the surface x = 0, resulting in a
thermal disturbance propagating downstream. In terms of the
temperature rise above the boundary temperature T0, i. e., T
= T — 70, the energy equation remains the same while the
initial and boundary conditions become

T=Tf - TO,
dT
— = 0 as t = 0
dt

dT

(2)

T = 0 at jc = 0, T=Tf-To and • — = 0 at x = S(t)
dx

(3)

The depth of thermal penetration, 5(7), grows with time and is
an unknown to be determined.

Following the same procedure as that in the case of Fourier
diffusion,8'9 the integration of Eq. (1) with respect to x in the
heat-affected zone from x = 0 to x = 8(t) results in

dT
-— (x = (U) +dx

d [dT 1
-- — (* = 0, 0dt Idx J

d2T

(4)

Equation (4) is the heat-balance integral accommodating the
lagging behavior in microscale heat transfer.

Determination of the depth of thermal penetration, 8(t), ne-
cessitates an approximate distribution of temperature in the
heat-affected zone. Assuming a cubic polynomial

T(x, t) = (T,,- r«) I 1 - 1 - ̂  I for 0 < x ̂ S(t)

(5)

which satisfies all of the boundary conditions in Eq. (3), Eq.
(4) reduces to

or, in terms of the nondimensional parameters,

0 = -
T-T0

T0

£ _

£ = -,
Ta

A = - = (7)
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Fig. 1 Case of Fourier diffusion with Z = 1: a) comparison of the numerical results and the exact solution for A(0) = KT1 and 10~3, and
b) numerical divergence without satisfying the constraint of A(0) x [dA/d/J(0)] = 12.

Equation (6) gives

d2A 12
(8)

Equation (8) displays a second-order nonlinear ordinary dif-
ferential equation, which clearly shows that the ratio Z (=rTlrq)
is the only parameter that dictates the time evolution of the
thermal penetration depth. The relations between the ratio Z
and the various microscopic structural parameters were sum-
marized by Tzou.7

The initial thermal penetration speed (dA/d/3 as j3 = 0) ne-
cessitates an analytical study because the initial thermal pen-
etration depth, A = 0 as j8 = 0, introduces a singularity to Eq.
(8). For this purpose, we introduce

(9)

Substituting Eq. (9) into Eq. (8), it results in a first-order dif-
ferential equation for F(A):

(A X F) — - F2 + (A2 + 12Z)F - 12A2 = 0 (10)
dA

In passing to the limit of A —> 0 as j8 —> 0, Eq. (17) gives F
= A X (dA/d/3) = 12Z. The two initial conditions required for
solving Eq. (8) numerically, therefore, are more precisely ex-
pressed as

dA 12Z n ^
A -» 0 and — —> -— as j8 = 0

dp A (11)

A small value for A(0) can be chosen to approximate the initial
penetration depth. The initial penetration speed, however,
needs to be calculated according to Eq. (11), to ensure the
numerical convergence. The case of Fourier diffusion is re-
trieved as Z = 1.3~5'7 Equation (11) can be solved exactly in
this case

24j8 (Fourier diffusion) (12)

which is a familiar result.11

Numerical Results
The fourth-order Runge-Kutta method with adaptive step-

size control11 is used to compute the depth of thermal penetra-
tion according to Eq. (8). The fractional accuracy is set to be
10~10. For the case of Fourier diffusion, Z = 1, Fig. la com-
pares the numerical solution to Eq. (8) with the exact solution
shown in Eq. (12). As long as the relation shown by Eq. (11)
is satisfied, the selection of the initial penetration depth is
somewhat forgiving. A value of A(0) = 1CT1 can give as ac-
curate a result as A(0) = 1CT3. Figure Ib explicitly demon-
strates the importance of Eq. (11). Numerical divergence re-
sults if a small value of the initial penetration depth [A(0) =
1CT5] and a large value of the initial penetration speed [A'(0)
= 109] are arbitrarily chosen without satisfying Eq. (11), al-
though these values are closer to the real situations. Figure 2a
displays the time history of penetration depth for Z = 1 (Fou-
rier diffusion), 10, and 50, with A(0) = 10"3 and dA/d/3(0) =
12,OOOZ in accordance with Eq. (11). At short times, the depth
of thermal penetration increases with the value of Z. As time
lengthens, the transient curves crosses the curve of Fourier
diffusion (Z = 1), and then merge from below. Fourier diffu-
sion results in a straight line with a slope being one-half (1/2)
on a logarithmic scale, as shown in Fig. 2b. In the presence
of thermal lagging (Z> 1) during the short-time transient, how-
ever, the response curves for the depth of thermal penetration
are nonlinear, with a slope being less than one-half. The slope
of the response curves seems to be close to one-half at short
times (/3 < 0.5), but the difference between the results of ther-
mal lagging and Fourier diffusion is significant in this domain.
Temperature distributions within the heat affected zone are
shown in Fig. 3 for /3 = 2 (Fig. 3a) and /3 = 10 (Fig. 3b). The
analytical solutions employing the Riemann-sum approxima-
tion for the Laplace inversion3'5'7 are included for comparison.
The difference between the heat-balance integral and the Rie-
mann-sum approximation is less than 10% in all cases, with
the near-surface temperature at £ = 0 being particularly accu-
rate.

Thermal lagging is a special behavior that exists for re-
sponse time comparable to the mermalization time (rr) and the
relaxation time (rq). Under constant thermal properties, this
can be demonstrated by casting Eq. (1) irito the following
form:

tfr_
dx2

d2T 1 dT 1. _ _ — + _. dT
d(//T7) a^:2 a dt a d(t/rci) dt— (13)
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Fig. 2 a) Depth of thermal penetration (A) varying as a function of time (/3) at Z = 1, 10, and 50, and b) the logarithmic representation
of Fig. 2a.
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Fig. 3 Temperature distributions in the heat-affected zone and comparison with the results of Riemann-sum approximation at /3 = a) 2
and b) 10. Z = 1, 10, and 50.

As the transient time lengthens, the ratios of (t/TT) and (t/T(J)
increase, resulting in gradually diminishing effects from ther-
malization [the second term on the left side of Eq. (13)], and
relaxation [the second term on the right side of Eq. (13)]. The
classical effect of Fourier diffusion [the second term on the
right side of Eq. (13)] remains in this process, supporting that
the Fourier response will be retrieved priori to the steady-state
response as illustrated in Fig. 2.

The thermal-lagging model retrieves the microscopic
phonon-electron-interaction model and the phonon-interaction
model in limiting cases.3'5'7 Under constant thermal properties,
for example, the parameter Z characterizing the lagging be-
havior relates to the following microstructural parameters:

Z =
1 + (C//CJ, phonon-electron interaction model
J(TN/TR), phonon scattering model (14)

where Ce and C/ are volumetric heat capacities of the electron
gas and the metal lattice, respectively, rN is the relaxation time
in the normal process of phonon collision; and TR is relaxation
time in the umklapp process of phonon collision. When the
value of Z varies in Figs. 2 and 3, it can be interpreted as the
variations of the heat-capacity ratio (in phonon-electron in-
teraction) and the relaxation-time ratio (in phonon scattering)
shown in Eq. (14).

Conclusions
The concept of heat-balance integral, and the resulting depth

of thermal penetration, has been extended to accommodate the
effects of thermalization and relaxation during the short-time
transient. The relation between the initial penetration depth and
the initial penetration speed has been determined analytically,
which has proven essential for achieving numerical conver-
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gence. This situation has been ignored in the past because the
equation governing the thermal penetration depth in the case
of Fourier diffusion is directly integrable.

The two phase lags, TT and rq, and, hence, the ratio Z, may
be strong functions of temperature, especially for rq. With the
fundamental framework for the heat balance integral laid down
in this work, extensions to accommodate the temperatue-de-
pendent phase lags can readily be made. This will be left for
a future communication.
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to two orders of magnitude higher than solid fins, and can be
considered as an effective substitution for solid fins. Another
benefit of heat pipes is their inherent fast thermal response
time. Peterson1 shows an example where 20 W of thermal en-
ergy is transferred 0.5 m in a device 1.27 cm in diameter. A
solid aluminum fin, a solid copper fin, and a heat pipe were
compared using Fourier's law. A copper-water heat pipe with
a screen wick was used. The temperature differences along the
fins were 460, 206, and 6°C, respectively, which demonstrates
the much higher effective thermal conductivity in heat pipes.
The copper-water heat pipe was also 76 and 93% lighter than
the aluminum and copper fins, respectively.

Zhao and Avedisian2 researched the concept of adding fins
to a copper-water heat pipe to increase the heat transfer. Their
study consisted of a fixed fin pitch and a fixed fin shape in a
forced convection environment. They achieved a heat flux of
80 W/cm2 and a total power of 800 W for the longest finned
heat pipe tested. By comparison, a finned copper rod of the
same length only attained 30 W/cm2 and a total power of 300
W. Particularly interesting data resulted from their tests of
shorter heat pipes. In these cases, the solid copper rod per-
formed better than the heat pipe, suggesting that heat pipes
may not always be beneficial. The longer the test specimen,
the more the heat pipe outperformed the copper rod.

Another study shows a brass fin made from a planar heat
pipe with water as the working fluid.3 The fin was mounted
horizontally. They reported a 22% improvement in fin effi-
ciency for this arrangement. This is a significant improvement
over standard fins.

The purpose of this study is to derive an expression for a
constant area, adiabatic end condition, heat pipe fin efficiency.
This will be used to compare the performance of a heat pipe
fin with a standard fin.

Heat Pipe Fin Efficiency
Figure 1 illustrates the heat pipe fin being considered. Ne-

glecting radiation, assuming steady state, and assuming that
the temperature varies only in the x direction, conservation of
energy applied to a differential element of the wall is

Analytical Comparison of Constant
Area, Adiabatic Tip, Standard Fins,

and Heat Pipe Fins
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Introduction

E LECTRONIC equipment, as well as many other applica-
tions, need to be kept within certain temperature limits to

function properly and safely. Increasing the surface area, and
thus, the heat transfer, using fins attached to the high-temper-
ature areas of the devices is a common solution.

To improve heat dissipation without using larger surface ar-
eas, fin efficiency must be increased. t)ne way to improve fin
efficiency is through higher thermal conductivity fin materials.
Heat pipes have effective thermal conductivities that are one
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k(A - Av) —— - h0P0(T -
dx

- Tv) = 0 (1)

where k is thermal conductivity of the heat pipe wall, A is the
cross-sectional area of the heat pipe (wall plus vapor space),
Av is the cross-sectional area of the vapor space, T is the wall
temperature, h0 is the convection heat transfer coefficient on
the outside of the heat pipe, P0 is the outside perimeter of the
heat pipe, Tx is the temperature surrounding the heat pipe, hi
is the convection heat transfer coefficient on the inside of the

Standard Fin

Wall Heat-Pipe Fin

[______^_^ Heat-Pipe Vapor Space

, t .

h0P0(T(x)-T..)dx

Fig. 1 Heat pipe fin control volume.


